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The real voyage of discovery consists not
in seeking new landscapes,
but in having new eyes.

E/ verdadero viaje de descubrimiento no consiste
en buscar nuevas tierras,
Sino en tener nuevos 0jos.

Marcel Proust
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ABSTRACT

The knowledge, professional skills and beliefs of mathematics teachers significantly
influence their quality of teaching. Teacher education programs (TEPs) offer pre-
service teachers (PSTs) opportunities to acquire the knowledge and competencies
they need to teach effectively. In Costa Rica, however, little is known about
mathematics TEP content, quality, and outcomes, and there are no selection
processes that assess the knowledge and aptitudes of teachers before they are hired.
Recent reports have urged universities to update their TEPs to address the
deficiencies observed in in-service teachers. This study reports on the characteristics
of the mathematics TEPs in Costa Rica by investigating the TEP contents and
teaching methods, the beliefs on mathematics education by the PSTs and teacher
educators, and the relevant knowledge and competencies of the pre-service
mathematics teachers at the end of their studies.

The knowledge necessary for teaching mathematics has been studied by different
theoretical frameworks (e.g., Ball et al., 2008; Catrillo et al, 2018) which consider the
knowledge categories defined by Shulman (1986) about content knowledge and
pedagogical content knowledge. However, professional competence in mathematics
is integrated by the cognitive abilities and the affective-motivational characteristics.
In this study the cognitive abilities component is approached with the Knowledge
for Teaching Mathematics framework (Tatto et al, 2008) informed by Shulman’s
(1986) categories of CK, PCK and general pedagogical knowledge. In addition, the
affective component is studied considering the beliefs about the nature of
mathematics and mathematics teaching and learning.

The results of this dissertation are informed by qualitative and quantitative data,
collected using the instruments of Teacher Education and Development Study in
Mathematics (TEDS-M) international study. The study was conducted in Costa Rica
during autumn 2019 with participants from three public universities. In total, 80
future mathematics teachers in their last year of preparation and 19 teacher trainers
collaborated as participants. Data from preservice teachers was collected using a
paper-and-pencil questionnaire, while teacher educators answered an online
questionnaire. The statistical analysis of the learning opportunities, the beliefs, and

the performance of the participants in the items, was complemented with a content
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analysis of the solutions to the items to have a more holistic understanding of the
question under study.

The results showed that the TEPs taught more tertiary-level mathematics subject
matter topics than mathematics education and general pedagogy topics using various
methods such as lectures, pre-service teacher presentations, reading of related
research, and solving math problems. They also taught instructional planning and
assessment, but little critical and reflective skills to serve students from different
backgrounds or to offer meaningful feedback. The TEPs trained PSTs well in
applying skills but pootly in reasoning. In addition, significant weaknesses were
observed in participants’ monitoring of their own work and in modeling solution
strategies and connecting results for solving problems. Moreover, the PSTs and
teacher educators had dynamic constructivist beliefs but neglected teacher-centered
practices and mathematics as a set of rules and procedures. Besides, they believe that
mathematics can be learned by everyone despite of their culture, gender, or
background.

This study revealed differences in the way TEPs distribute their topics and the
teaching methods experiences they offer. Differences were also found in the
performance of the preservice teachers at the different universities, especially in the
items of mathematical content knowledge, although the number of the topics studied
was not correlated with the participants' performance.

This research has several contributions. First, it contributes to the knowledge gap
about preservice mathematics teachers in Costa Rica, providing insights about where
they stand at the end of their preparation programs, regarding knowledge and
competencies for teaching mathematics, and what needs to be improved. It also
reaffirms previous results about differences in TEPs but goes further pointing out
how those differences are evident in the opportunities to learn and the preservice
teachers’ knowledge. The study also makes visible the preservice teachers and
teacher educators’ beliefs about mathematics nature, mathematics teaching, and

achievement, which have been understudied in Costa Rica and Latin America.

Keywords:  knowledge for teaching mathematics, PSTs, mathematics teacher
education, TEDS-M, opportunities to learn, mathematics beliefs
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17 INTRODUCTION

1.1 Rationale

Many nations share an interest in improving students’ learning in mathematics.
Several studies have found that the “teaching quality” is the school-related factor
that has the greatest influence on students’ achievement (e.g., Hsieh et al., 2011;
Organisation for Economic Co-operation and Development or OECD, 2005). More
specifically, about mathematics teachers, it has been found that elements such as the
contents studied in teacher education programs (TEPs) influence teachers’
knowledge (Schmidt, Houang, et al., 2011), the beliefs of teachers about mathematics
and its teaching influence their practice (Nespor, 1987; Speer, 2005; Voss et al.,
2013), and together, they inform what and how teachers teach, which affect students’
learning (Hill et al., 2005). Therefore, to achieve high math teaching quality, it is
important to know and regulate mathematics teachers’ knowledge and beliefs.

In the OECD report “Teaching Matters” (2005), it was revealed that many
countries are concerned about “whether enough teachers have the knowledge and
skills to meet school needs” (OECD, 2005, p.10). Adler et al. (2005) stated that for
students to achieve mathematics proficiency, their teachers must be prepared to
foster such proficiency in them. However, TEPs have been seen as ineffective in
honing teachers’ professionalism (Kaiser et al., 2017). Similarly, math TEPs have
been criticized for not fulfilling the knowledge needs of pre-service teachers (PSTs)
for effective math teaching in school (Alfaro et al., 2013; Koponen et al., 2016).
Thus, TEPs should be designed or updated with the aim of providing quality training
for math PSTs.

Such a task is a big challenge, considering the lack of “a shared knowledge base
for building more effective teacher preparation programs” (Hiebert et al., 2003, p.
202) and the differences in mathematics teacher education traditions from country
to country (Blomeke, 2012). Many efforts have been made to design frameworks
that identify the knowledge that is considered nessesary and sufficient for teaching
mathematics, based on observations of teaching practice and conversations with in-
service teachers and experts (e.g., Ball et al., 2008; Carrillo et al., 2018). Nevertheless,
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there is no shared framework nor well-defined theoretical grounds yet (Hoover et
al., 2016). However, many frameworks consider, to some extent, the categories
defined by Shulman (1986) of content knowledge, pedagogical content knowledge,
and pedagogical knowledge.

Considering the Costa Rican context, the problem regarding the deficit in
mathematics education is worrying. In the Program for International Student
Assessment (PISA) tests from 2009 to 2018, the performance of Costa Rican
students has been below the OECD average by approximately 90 points, and it has
not changed significantly (OECD, 2019). A 90-point gap is interpreted as a three-
year gap between Costa Rican students and the students of other OECD member
countries (Programa Estado de la Nacién, PEN, 2017). In 2012, the Costa Rican
Ministry of Education (MEP) introduced a new mathematics curriculum that had
constructivist foundations and focused on working with students on the
mathematical processes of solving problems, reasoning and argumentation, as well
as representing and connecting concepts or mathematical objects, and communicate
mathematical ideas (MEP, 2012). However, the change did not improve the students’
PISA results (OECD, 2019) or school achievement (PEN, 2019).

To investigate what was happening in math lessons, PEN (2019) conducted
classroom observations and interviews with teachers. The results showed that the
teachers were unable to implement what was established in the curriculum, and
classes continued to be teacher-centered. In addition, it was found that the teachers
had serious weaknesses in their initial preparation, which made it difficult for them
to implement the new methodologies, and that the training offered by the MEP
could not correct these deficiencies (PEN, 2019).

The poor preparation of mathematics teachers for implementing the new
curricula is not the only problem regarding teaching quality. In 2010, the MEP
diagnosed in-service mathematics teachers’ knowledge of mathematics topics taught
in secondary school. The results showed that 43.4% (N = 1,733) of the teachers
performed below the average, which suggested differences in the teachers’
mathematical knowledge. There were also differences between the mathematics
teachers who graduated from public universities and those from private institutions,
which indicated differences in their TEPs (MEP, 2011).

Recent reports on Costa Rican teacher policies and issues (PEN, 2019; Roman &
Lentini, 2018) highlighted key recommendations for improving teaching quality.
Among them are the establishment of a national framework for teacher qualification,
the introduction of in-service teacher assessments to identify professional

development needs, the revision of the poor and obsolete teacher recruitment
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policies that do not require assessment of teachers’ knowledge and aptitudes before
they are hired, and control over the variation and quality of TEPs.

Studies related to the knowledge and beliefs for teaching mathematics have been
focused on some populations while leaving others aside. In Costa Rica, for instance,
most of the studies conducted with mathematics teachers focused on in-service
teachers (e.g., Chavez, 2013; MEP, 2011). In Latin America very few articles cover
the topic (Hoover et al., 2016), and only one country has participated in international
studies regarding mathematics teachers’ knowledge (Tatto et al., 2008). Moreover,
most of the studies were conducted with primary school teachers, and there is a need
for more large-scale studies (Hoover et al., 2016).

The mentioned arguments point out the relevance of studying the knowledge and
beliefs of Costa Rican pre-service mathematics teachers as they will provide insights
regarding the content, quality of training, and effectiveness of different mathematics
TEPs in Costa Rica and because such teachers’ knowledge and beliefs will define
their future teaching approaches.

1.2 Mathematics teacher education in Costa Rica

In Costa Rica, both public and private universities offer education programs for
mathematics teachers. Due to the government’s lack of control over teaching
policies, TEPs vary depending on the type of institution. Currently, there are eight
public and private universities that offer major programs for becoming a
mathematics teacher, that is, a bachelors’ degree program in the teaching of
mathematics, with 120 to 144 credits (Alfaro et al., 2013). These major programs
could take four years in public universities and two years and a half in private
institutions, with the option of a licentiate degree that requires more courses and
writing a thesis. Although TEPs differ widely in duration, focus, and content, all of
them include courses in mathematics, education, and mathematics education, with
different numbers of courses in each area and different levels of integration.

Universities have not established specific requirements for people who wish to
be admitted to a bachelot’s program in mathematics education. The general
requirement is to have a high school certificate and to perform the corresponding
administrative procedures to enroll, with the exception of three public universities
that also require passing an admission exam (Alfaro et al.,, 2013). Thus, the entry
profile of future mathematics teachers is not filtered at all.

19



Training is delivered differently depending on the institution. In some
universities, there is a schoo/ of mathematics in charge of math courses and a schoo/ or
department of education in charge of pedagogical courses. Mathematics education
courses may be taught by one school or the other depending on the availability of
faculty. However, there are universities that have only one school attending all the
TEP courses, the school of mathematics or the school of education. The last case is observed
in private universities.

As for teacher educators in charge of preparing mathematics teachers, there are
no general standards for their academic preparation. The selection of teacher
educators depends on the university policies and the approach of its TEPs.
Therefore, there are teacher educators with doctoral degrees in mathematics,
mathematics education, or education and teacher educators with only mastet’s or
licentiate’s degrees in the same areas. Mathematics courses are typically taught by
teacher educators who are mathematicians, while teacher educators with degrees in
mathematics education may be assigned to teach any course, including school
experience or the practicum. Teacher educators specializing in education teach
courses related to general pedagogy. However, depending on the university, it is
possible to find differences in the responsibilities of teacher educators.

The main job opportunity for professionals in the teaching of mathematics is
teaching in secondary school, that is, in grades 7 to 11, in public or private high
schools. In this case, the main hiring entity is the MEP. The MEP teacher hiring
system dates from 1970. It requires a bachelot’s or licentiate’s degree in teaching, in
this case, in teaching mathematics, and affiliation with the respective professional
association (Roman & Lentini, 2018). According to the degree earned (a licentiate’s
degree is higher than a bachelot’s degree), the number of years of teaching
experience, and the professional development of the teacher, a score is assigned to
the teacher. The teaching positions are filled first with the teachers with the best
score and according to their geographical preferences. Differences in teacher training
or in the person’s vocation or ability to teach are not considered (Roman & Lentini,
2018). Teachers who work for the MEP may have an interim or proprietary position,
and a full-time job means teaching 48 lessons of 40 minutes each per week. The time
for planning the lessons, designing assessments, or grading them are not included in
the paid time. Although teachers working for the MEP can have job stability, a good
salary, and incentives, teachers who work in public institutions constantly complain
of non-pedagogical workloads that shorten their teaching time (Actualidad
Educativa, 2018), a situation that has worsened with the pandemic.
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Currently, the excess supply of teachers and thus, the reduced demand by the
MEP (Roman & Lentini, 2018) have caused mathematics teachers to seek other job
opportunities, for example, as teachers in private schools, private high schools,
universities, or as tutors.

1.3 Aims and research questions

The aim of this study is to describe the knowledge that Costa Rican pre-service
mathematics teachers acquire in their TEPs. Such knowledge involves the content
that they had the opportunity to study, the beliefs they hold about mathematics and
its teaching, and how they use such knowledge in solving tasks about mathematical
content knowledge (MCK) and mathematical pedagogical content knowledge
(MPCK). Thus, the findings from this study are aimed at filling the knowledge gap
in the country regarding the knowledge gains of pre-service mathematics teachers
from their TEPs. Gain insights from these findings on the weaknesses of such
mathematics TEPs that could be improved and their strengths that could be
reinforced, is also expected. To achieve the aim, I pose four main research questions
and nine sub-questions, which had been answered in three studies.

1) What are the opportunities to learn (OTLs) offered in the Costa Rican TEPs? (Article
D

a) How are the OTLs distributed in the knowledge areas? (Article I)

2) How did the pre-service mathematics teachers perform in the assessment of their
knowledge for mathematics teaching? (Articles I & III)

a) How did they perform in the geometry, algebra, numbers, and data subdomains? (Article

D

b) What is their performance in the knowing, applying, and reasoning subdomains? (Articles
I & III)

¢) How did they perform in the enactment and curriculum and planning skills domains?
(Articles I & III)

d) How was their understanding for teaching mathematics demonstrated in the test items?
(Article IIT)

3) What are the beliefs of Costa Rican PSTs and teacher educators about the nature of
mathematics, mathematics teaching and learning, and mathematics abilities? (Article II)

a) What factors influence the beliefs of PSTs? (Article II)

b) What factors influence the beliefs of teacher educators? (Article IT)
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4) How are the OTLs, beliefs, and performance in the knowledge for teaching mathematics
assessment relatedr (Articles I and II)

a) How are the OTLs and the results of the knowledge for teaching mathematics
assessment relatedr (Article I)

b) How are the beliefs and the results of the knowledge for teaching mathematics
assessment related? (Article II)

The abovementioned research questions were derived from the integration of the
questions that guided each of the cited articles. The integration and the need for two
articles to answer a research question are due to the complexity of the topic under
study and of how the OTLs, beliefs, and knowledge for teaching mathematics are
intertwined in the body of professional competencies needed for teaching
mathematics. In this way, the first results about OTLs and the PSTs’ performance
in the knowledge for teaching mathematics tasks were used, for instance, to
understand and extend the studies about beliefs and allow to approach PSTs’
performance in MKT and MPCK tasks from different perspectives.

14  Research process

According to Tripodi and Bender (2010), the process of building social knowledge
can be seen as a continuum, where exploratory research first identifies the
phenomenon and variables that need to be investigated, then descriptive research
understands the characteristics of that phenomenon and examines possible
relationships between its variables, and finally, explanatory research draws causal
inferences. In this study, I considered the State of Education (PEN, 2019) and the
Costa Rican Teaching Policy (Roman & Lentini, 2018) reports as exploratory sources
that indicate the needs that must be addressed with respect to TEPs, specifically the
differences in the quality, quantity, and duration of the TEPs, as well as in their
suitability to meet the needs of the Costa Rican education system. Therefore,
following that continuum, I performed a descriptive study of such TEPs from the
experiences and performance of pre-service mathematics teachers.

A descriptive study answers who, what, when, where, and how questions to
describe a social phenomenon, that needs to be described (Tripodi & Bender, 2010)
to have a better understanding of it. In this study, I aim to describe what knowledge
the pre-service mathematics teachers acquire in their TEPs, how this knowledge is
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acquired (methodological mediation), and how much they know about mathematics
for teaching.

A mixed, qualitative and quantitative, methods approach was used in this study.
After a literature review regarding mathematics teachers” knowledge frameworks and
measurement instruments, in this study the Teacher Education and Development
Study in Mathematics (TEDS-M) questionnaire is used as the instrument for
collecting data. TEDS-M is the first large-scale international study with future
mathematics teachers and was developed under the auspice of the International
Association for the Evaluation of Educational Achievement (IEA). TEDS-M was
chosen because it was designed to meet international standards, has a section
specifically for secondary mathematics PST's, which allows to describe TEPs in terms
of the OTLs that they offer, the beliefs of the PSTs and their educators, and the
assessment of the PSTs” knowledge for teaching mathematics.

The first step in this study was getting the permission of the IEA (see Appendix
1) to use and translate the questionnaire. When its permission was granted and the
questionnaire, provided, it was translated to Spanish, which is the researcher’s first
language, and its translation and contextualization was validated by three Costa Rican
mathematics educators who were not part of the project. For the application, the
researcher went to Costa Rica in the fall of 2019 to ensure good communication with
the participants and uniform application conditions. It is important to mention that
that was the only window of time to collect the data from the PSTs and the teacher
educators from the four universities. After the data were collected, coded, and
cleaned, different analyses were performed according to the information in the
different sections of the questionnaire. Figure 1 shows the research process,
including the topic, the participants, and the treatment of the data in each of the
articles. A summary of the articles is also provided in the next section.
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Figure 1. Research Process

Article 1

Article I studies the learning opportunities offered in the TEPs of four universities
in Costa Rica according to the OTLs experienced by the PSTs. It also includes a
quantitative analysis of the results of the MCK and MPCK assessment. Both inputs
made it possible for us to study, for example, the relationships between the MCK
results obtained by the PSTs and the mathematical contents studied, or between the
PSTs* MPCK performance and teaching methods experienced. Besides, it was
possible to identify which topics receive more attention in Costa Rican TEPs and if
there were differences in the way the studied topics were distributed in each TEP
and if the PSTs’ performance differed among the universities and how.

The results obtained from Article I served to begin the description of the TEPs
and the possible contents that the PSTs could have studied in them. This is an
important input for analyzing the knowledge acquired by the PSTs, which is expected
to be observed in the knowledge assessment section. However, considering that
beliefs influence the way in which teachers approach knowledge and their practices,
I decided to first analyze the beliefs, to evaluate the participants’ responses to the

knowledge items in a more informed way.
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Article 11

Article II explores the beliefs of PSTs and their teacher educators regarding the
nature of mathematics, its teaching and learning, and mathematical abilities. The
results revealed the belief patterns of both groups of participants. In addition, the
relationships of the PSTs’ beliefs with the TEP to which they belong, with the
references about their school performance in mathematics and with the results of
the TEDS-M knowledge assessment section were analyzed. Regarding the teacher
educators, the relationships between their beliefs and their years of experience in
training mathematics teachers, their academic background, and their special
preparation to train teachers were studied.

Having collected the information on the participants’ OTLs and beliefs as well as
some facts about their performance in the MCK and MPCK knowledge assessment,
qualitative content analysis of their solutions of the tasks was performed, to gain

more information about their knowledge for teaching mathematics.

Article 111

Article III takes a more detailed look at the PSTs” answers to the TEDS-M items.
Since there were three types of items in the test—multiple-choice, complex multiple-
choice, and complex-response—I considered that a deep analysis of the solutions
could expand the description of the knowledge for mathematics teaching of future
Costa Rican teachers. A theory-driven content analysis was performed using the
TEDS-M (Tatto et al., 2008) and Mathematical Understanding for Secondary
Teaching (MUST) frameworks (Kilpatrick et al., 2015). More specific results on
errors and weaknesses in the content domain or in the teaching-related skills that
cannot be determined merely by evaluating an answer as correct or incorrect, were

obtained.

Adding the results of the three studies will allow a better understanding of the
knowledge for teaching mathematics of Costa Rican PSTs.
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2 THEORETICAL BACKGROUND

Teaching is a very complex profession due to the multiple tasks that teachers
must perform on a typical school day. For example, in addition to their tasks that are
strictly related to teaching, they must also participate in school activities and perform
administrative tasks. However, the core activity inherent to the profession is
teaching, for which teachers need to develop professional competencies in both the
cognitive and affective aspects (D6hrmann et al., 2012). According to Potari and
Ponte (2017), “teachers need to know about the subject that they teach, they need
to know how to teach it, and they need to know how to act and behave as teachers”
(p- 3). Nevertheless, the conception of teacher competencies has evolved from that
which considered only the cognitive abilities, known as professional knowledge, and
the affective-motivational characteristics such as beliefs, motivation, and self-
regulation (Dohrmann et al, 2012), to a more complex model that considers
competencies a ‘“‘continuum with dispositions closely related to observable
performance [...] fully or partially mediated by situation-specific cognitive skills”
(Blémeke & Kaiser, 2017, p. 7806). In this new model, the professional knowledge
and the beliefs-motivational facets are considered the dispositions that inform the
performance.

The cognitive abilities or professional knowledge specific for teaching
mathematics has been studied for several years now and from different perspectives.
Hoover et al. (2016), after reviewing literature on mathematics knowledge for
teaching, identified three main lines of the research: (1) the nature and composition
of mathematical knowledge for teaching, (2) the development of teachers’
mathematical knowledge for teaching, and (3) the impact of mathematical knowledge
for teaching. The elaboration of frameworks about mathematics teachers’ knowledge
was included in the main line of the nature and composition of the specialized
knowledge for teaching mathematics. In this regard, the ideas of Shulman (1986)
about the importance of the specific knowledge related to the teaching profession
and the subject to teach are crucial. Shulman proposed that knowledge for teaching
can be divided into different types, one of them being content knowledge for
teaching. Then, he proposed to divide the content knowledge into three categories:
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content knowledge (CK), pedagogical content knowledge (PCK), and curricular
knowledge.

Since this seminal work of Shulman, many frameworks have been developed
based on the aforementioned three categories of content knowledge. Some
frameworks define subcategories or subdomains of knowledge to provide a more
detailed description of knowledge categories, such as the Mathematical Knowledge
for Teaching (MKT) framework of Ball et al. (2008), which divides content
knowledge into common content knowledge and specialized content knowledge.
Others were built from modifications in the definition of the categories of other
theoretical frameworks or by adding new subdomains of knowledge. For example,
the framework Mathematics Teacher’s Specialized Knowledge (MTSK) by Carrillo
et al. (2018) considers the conceptions of the MKT framework, identifies
deficiencies in terms of the delimitation of the categories and the knowledge that
corresponds only to the math teacher, and establishes new categories. It is possible
to identify many other frameworks that are not necessarily based on each other but
are built from different contexts and generate categories that appear similar but
approach the category topic differently (e.g., Knowledge Quartet by Rowland et al.,
2005 and Professional Knowledge of Secondary School Mathematics Teachers by
Baumert et al., 2010). The existence of new and different theoretical frameworks of
the mathematical knowledge needed to teach reveals the lack of agreement among
scholars on definitions and basic concepts (Hoover et al., 2016) as well as problems
with the blurred boundaries between the established categories.

In this regard, Hoover et al. (2016) pointed out that instead of developing new
frameworks, “the one avenue of work that represents progress on the field is the
development of instruments [...] as they serve to operationalize ideas about
mathematical knowledge for teaching and test assumed models of the role it plays”
(p- 9). Here, it is possible to mention three important standardized instruments
developed to study the knowledge for teaching mathematics (see Figure 2). First, the
Learning Mathematics for Teaching (LMT) instrument was designed in the US to
understand practicing elementary and middle school teachers’ knowledge for
teaching and to improve it by means of professional development programs (Ball et
al., 2008). Second, the Cognitive Activation in the Classroom (COACTIV) project
was created in Germany to examine “the implications of CK and PCK for processes
of learning and instruction in secondary level mathematics” (Baumert et al., 2010, p.
135) with in-service secondary teachers. Third, TEDS-M is an international study
that investigates the preparation of mathematics teachers, both primary and
secondary (Tatto et al., 2008), in which the participants are PSTs.
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Each of these projects uses a different framework for designing the items and
knowledge categories to measure. In a study of the comparison of the three
frameworks, Kaarstein (2014) noticed that all of them “build on or use Shulman’s
categories as part of their theoretical background” (p. 38), specifically CK and PCK,
and that although the frameworks cover Shulman’s description of the categories,
they do it using different subdomains. Moreover, Kaarstein (2014) found that an
item designed to measure PCK in the LMT project could be classified as measuring
CK in the TEDS-M CK description. This issue highlights the existence of blurred
boundaries between CK and PCK and reinforces the idea that these categories are
not mutually exclusive, as, for instance, PCK usually depends on CK (D6hrmann et
al., 2012; Potari & Ponte, 2017).

Figure 2. Projects Measuring Knowledge for Teaching Mathematics

Considering the complexity of delimitating which knowledge to categorize as CK
and which as PCK in teaching practice, Kilpatrick et al. (2015) presented a different
approach. They developed the MUST framework, which adopts a more dynamic
position. First, the authors differentiate understanding from knowledge and choose
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the former because they consider it a growing construct, that is, as evolving and
becoming deeper during a teacher’s career. In addition, they stated that
understanding can be “viewed as the use of [the] knowledge [that] one has” (p. 10),
and thus, is observable, instead of knowledge that is difficult to see. Another
important characteristic of the MUST framework is that the kind of understanding
that it defines “is not a [simple] matter of ‘knowing the mathematics’ adjoined to
‘knowing how to teach™ (Kilpatrick et al., 2015, p. 10).

From the different theoretical frameworks and instruments presented in this
section, this study will elaborate on the theoretical framework of the TEDS-M with
regard to the professional competencies for teaching mathematics, including the
learning opportunities, beliefs, and knowledge for teaching mathematics.
Furthermore, this study will consider the MUST framework to complement the
theoretical background.

2.1 Teachers’ professional competencies for teaching
mathematics

The TEDS-M study aims to investigate and compare teacher preparation across
countries by considering teachers’ professional competencies as outcomes of TEPs.
According to Blémeke and Delaney (2012), the way in which teacher competencies
are understood in the TEDS-M framework is associated with the notions of Niss
(2003) regarding teacher competence in mathematics and with the conception of
Schoenfeld and Kilpatrick (2008) of proficiency in teaching mathematics.
Professional competencies can be understood as “having the cognitive ability to
develop effective solutions for job-related problems and, in addition, having the
motivational, volitional and social willingness to successfully and responsibly apply
these solutions in various situations” (Blémeke & Delaney, 2012, p. 227). Two
important dispositions integrate the competencies: the cognitive abilities, which, in
the case of the TEDS-M study, are informed by Shulman’s (1986) categories of CK,
PCK, and general pedagogical knowledge; and the affective-motivational
characteristics, which, in the TEDS-M context, include beliefs about mathematics
and its teaching and learning. This theoretical orientation takes a multidimensional
approach to “come as closely as possible to real behavior in the classroom that is
supposed to be guided by both types of dispositions” (Blomeke & Delaney, 2012, p.
227), but it does not consider the situational or practical aspects that inform and

form the process of becoming proficient in specific teaching domains (Kaiser et al.,

2017).
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Overall, TEDS-M investigates “the opportunities provided and taken by
preservice teachers while engaged in teacher preparation toward developing the
competencies deemed by the literature to be relevant to quality classroom
instruction” (Schmidt, Cogan, et al., 2011, p. 139). In doing so, the study collects
information from three sources: teachers’ professional knowledge, teachers’ beliefs,
and OTLs in TEPs.

2.1.1  Opportunities to learn

The OTLs were covered in Article I. In TEDS-M, they correspond to the contents
studied in the TEPs, and the teaching methods by which the contents were taught,
and teaching skills were trained. The contents and structure of TEPs respond to the
context needs, that is, to what a mathematics teacher is expected to know to teach
effectively in a specific country and context and are conditioned by cultural and
political norms (Blémeke & Kaiser, 2014). In the context of the TEDS-M study, the
OTLs are considered central to explain how teacher preparation impacts teacher
learning (Tatto et al., 2008). Following Blomeke (2012), three types of OTLs that
have impacts on teachers’ outcomes can be mentioned. One type is the OTL in terms
of mathematical knowledge, which according to the author, are the basis for the
teaching of mathematics and presenting mathematical content in a meaningful way
to students. The professional preparation on how learners acquire mathematical
knowledge and how to design classes and instruments to teach diverse students is
another type. Finally, the quality of teaching methods experienced during the TEPs,
meaning class participation and practice-teaching opportunities, are also associated
with the outcomes of teacher education.

These three types of OTLs were investigated in TEDS-M. TEDS-M also surveys
the topics related to general pedagogy and mathematics education pedagogy. Figure
3 summarizes the OTLs in the TEDS-S study that are important for this research.
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Opportunities to Learn

Figure 3. Opportunities to Learn Categories
Note. Tatto et al. (2008).

Thus, for the TEDS-M survey, the OTLs in mathematics, mathematics pedagogy
and general pedagogy, are studied according to the topics studied in each area, while

the OTLs related to the experienced teaching methods and professional preparation

are examined through the frequency with which each action was practiced.

2.1.2  Teachers’ beliefs

Defining the belief construct has been considered difficult, as discussed in Article
IL. It is possible to find different interpretations and meanings (Speer, 2005) as well
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as associations with other constructs such as conceptions, opinions, attitudes, or
knowledge, which make the task of giving a specific definition of beliefs difficult.
However, there are characteristics such as the existential feature of beliefs that define
them as personal truths (subjective), that differentiate them from other constructs
such as knowledge, which is considered an objective social construct shared by the
general public (Boz, 2008; Furinguetti & Pehkonen, 2002). Various definitions of
beliefs can be found. In the field of mathematics education, one widely accepted
definition of belief is that offered by Schoenfeld (1992): “an individual’s
understandings and feelings that shape the ways that the individual conceptualizes
and engages in mathematical behavior” (p. 358).

Considering this definition of beliefs and considering mathematics teachers,
beliefs can be seen as the bridge that connects knowledge to action (Blomeke &
Delaney, 2012). In teaching, the beliefs or the ways teachers conceive the world
inform their practices (Boz, 2008; Speer, 2005) in different aspects. For example, in
teacher-student relationships, beliefs could influence the way teachers interact with
students, as well as the perception and development of student skills (Barkatsas &
Malone, 2005; Pajares, 1992; Voss, 2013). On the other hand, regarding the teaching
of mathematics, beliefs can influence the way teachers approach the contents, their
methodological choices, and their assessment practices (Tang & Hsich, 2014; Tatto
et al., 2012). Therefore, in the field of mathematics education, teachers’ beliefs are
studied based on the idea that beliefs can explain how mathematics is taught and
learned (Skott et al., 2018) and because it can provide “insight into the way teachers
understand and carry out their job” (Ponte, 1999, p. 43).

According to Voss et al. (2013), teachers’ beliefs can be grouped into three levels
of belief systems. However, in mathematics education, the focus has been on
studying beliefs about the immediate context of teaching and learning, specifically
beliefs about the nature of mathematics and its teaching and learning (Speer, 2005).
The TEDS-M study investigates the beliefs of PSTs and teacher educators with
regard to the nature of mathematics and its teaching and learning, together with the
teachers’ perceptions of their students’ mathematical abilities (see Figure 4; Tatto et
al., 2008).
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Figure 4. Teacher Education and Development Study in Mathematics (TEDS -M) Study Structure of
Beliefs
Note. Tatto et al. (2008). Figure adapted from Alfaro and Joutsenlahti (2021).

The nature of mathematics explores the way teachers perceive mathematics as a
subject (Tatto et al., 2008). These beliefs have been classified in different ways—for
instance, as instrumentalist, Platonist, and problem-solving, or as traditionalist,
formalist, and constructivist—views that can coincide respectively (Blomeke &
Kaiser, 2014). However, the TEDS-M study is informed by the approach developed
by Grigutsch et al. (1998), which has two fundamental beliefs regarding the nature
of mathematics: the static view and the dynamic view. For the static view, in which
mathematics is considered an unalterable unified entity (Tang & Hsieh, 2014),
TEDS-M includes the scale of mathematics as a set of rules and procedures. On the
other hand, the dynamic view is when mathematics is seen as something that is in a
constant process of change and revision, which also requires the activation of
creativity to generate new knowledge or solution paths (Tang & Hsieh, 2014). Thus,
the correspondent scale in TEDS-M is named process of inquiry.

As for beliefs regarding teaching and learning, the TEDS-M framework is
informed by the work of Peterson et al. (1989), from which two major categories are
obtained: transmission and constructivist. Teachers with a transmissive view
consider themselves the possessor and transmitter of information and knowledge,
and students as the passive receivers who must obey the teacher’s instructions
(Blomeke & Kaiser, 2014). In TEDS-M, the scale of teacher direction is associated
with this category. In contrast, the constructivist view gives the student greater
responsibility in the process of building knowledge and meaning, so the teacher must
promote the active participation and commitment of students in learning (Voss et
al., 2013). In TEDS-M, the scale used for this is the scale of active learning.
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Finally, the third area of beliefs is about teachers’” conception of students’ abilities
to learn mathematics. For instance, whether gender and culture influence the
learning of mathematics is considered. For this area, TEDS-M considers only the
scale called fixed ability, which is anchored on the belief that the ability to learn
mathematics is stable and cannot be changed despite efforts to improve it. On the
contrary, it is the belief that learning mathematics requires a body of skills that can
be built through the learning process (Wang & Hsich, 2014).

At this point, it is important to note that belief systems do not necessarily have a
logical order due to their nature as psychological constructs. Thus, contradictions or
inconsistencies are possible (Boz, 2008). In fact, according to Voss et al. (2013),
categories such as constructivist and transmissive beliefs are not mutually exclusive.
Moreover, it is possible to find inconsistencies between teachers’ stated beliefs and
those that they practice (Speer, 2005), which highlights the complexity of studying
teachers’ belief systems.

2.1.3  Knowledge for teaching mathematics

Knowledge for teaching mathematics is regarded under the TEDS-M framework as

encompassing the cognitive abilities that teachers need